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The nonlinear  one-phase  Stefan problem is cons idered  under boundary conditions of the 
third kind and a constant  ambient  t empera tu re .  

The symmet r i ca l  problem of cooling with phase t rans format ion  in bodies of s imple shapes (sphere or  
infinitely long cyl inder  with the radius  l ,  o r  an Infinitely la rge  plate with the thickness 2!) ,  where  the i so -  
the rmal  ln terphase  boundary (To) Is moving 0 -< ~ (r) ~ l and the the rmophys ica lp rope r f l e s  a re  functions of the 
t empe r a tu r e  as  well  as  of the space coordinate ( symmetr ica l ly) ,  can be formulated as follows: 

:V(T' x) 0T(x' ~r)Or .... OxO [ P ( T '  x) OT'x' r) ] ' (1) 

0.~r.~ro;  0-~x.<~=~(w); 0.<.~ :l; 

T (x; O) = T o = T (~, r) =.consi: (9.) 

T(t .  x) = To; (3) 

a(T,)e(0)(rs--Ta)= P(T, 0) dT(O, ,). T =._--.T(O. ,); (4) 
~ X  : ' S 

T a = r < To; 

P(To ' ~) o r ( ~  x) =q(~)?(~)~(~) d~. (5) 
Ox dr 

with NO', x) = e f t ,  x) y(x}oJ(x)~ PO`, x} = ~(T, x)~(x); and ~(x) = 1, 2 r ( l - x ) ,  4 r ( l  - x )  ~- r espec t ive ly  for a 
plate ,  a cy l inder ,  or  a sphere ;  with x = 0 at the body sur face ;  r 0 denoting the t ime a f t e r  which a body has 
been comple te ly  f rozen ,  when the interphase boundary r eaches  the cen te r  ~ (r0) = l ,  with functions c(T, x), 

(x), A O`, x) ,  c~o`s), q(s ), y (~) known, and with Ta  denoting the ambient  t empera tu re .  

The f i r s t  integrat ion f rom x to ~ at some Instant of t ime r ,  with condition (5) taken in toaccount ,  
yields 

dx = P(T,  x) "~-x  d y -  q(~) 7(~)~(~) (6) 
x 

or  

dT (x, r) = 1 ~" N (T, y) OT (y, x) dy, (7) 
Ox P(T.  x) .) Ox 

x 

where  the plus sign indicates that the integral  and the f ree  t e r m  have been combined. 

Integrat ing both sides of Eq. (7) with r e sp ec t  to the space coordinate  f rom 9 to x at a fixed instant of 
t ime r ,  with condition (4) taken into account,  we obtain 
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T (x, ~)-- r a 1 [ N (T, Y) OT (y, ~) d r _  dq N (T, y) 
a(T s ) o) (0) . O, P (T, ~]) 

0 0 ~1 

OT (v, "c) 
- d ~ .  (s) 

At x = ~ Eq.  (8), with condi t ion  (2) t aken  into account ,  b e c o m e s  
~+ ~ ~+ 

T~ -- Ta -- ~ (T s ) ~o (0) o~ . P (T, n) 
0 0 

(9) 

o r  

~+ 
j" d~t ~ N(T, x) OT(x" ~)-dx, (10) 

T~ - -  T a  = - -  P ( T ,  ~1) O z  

w h e r e  the minus  s ign  be fo re  0 ind ica tes  that  the in tegra t ion  in te rva l  ex tends  beyond  the body su r f ace  (x 
= 0) and,  as  a c onse que nc e ,  a t e r m  which accoun t s  for  the boundary  condi t ion at the body s u r f a c e  has  been 
added  to the in tegra l .  

Such a nota t ion  in Eq.  (10) m a k e s  it poss ib le  to r e p r e s e n t  its r i g h t - h a n d  s ide a s  a double in tegra l  
o v e r  the r e g i o n  [ -0  -< ~? -< ~ ; ~? - x -< ~+], which in t u r n  can be r e p r e s e n t e d  by ano the r  f o r m  of a double 
inte gr  a l :  

T O - -T  a : - j  N(T, x) OT<x,o.c "r:) ( P(T,dq dx (11) 

0 - - 0  

o r  

0,  a(Ts)o~(0 ) ~ P(T,~)  dx@q(~)y(~)o~(~) c~(Ts)o(0~ ~ . P(T, x)] dT " T o - -  A 
0 0 0 

We in teg ra te  both s ides  of Eq. (12) with r e s p e c t  to t ime f r o m  r = 0 to r = r *  < r 0, we then r e v e r s e  
the sequence  of in t eg ra t ions  while r e p l a c i n g  the in tegra t ion  v a r i a b l e  T by T in the f i r s t  t e r m  and by ~ in 
the s econd  t e r m  on the r i g h t - h a n d  s ide of  the equat ion,  we then divide both s ides  by  ( T 0 - T a ) ,  and obtain  
a final f o r m u l a  for  d e t e r m i n i n g  the t ime  f r o m  the s t a r t  of  the f r e e z i n g  p r o c e s s  to the ins tan t  when the in -  
t e r p h a s e  boundary  ~ has  m o v e d  to any pos i t i on  0 < ~ ( r*)  < l : 

T*-- 1 ~ dx ~ N(T,x) I- 1 
To--T a ..I j ka(T x) o)(0) 

0 T(x,~*)  

1 

' T o  - -  T a , 
0 

P (r, x, nl ] 
0 

? 
, ~ d,, ] 

[1 

(13) 

w h e r e  ~* - ~ ( r* )  and T(x,  r*)  -= F*(x).  

The  length of  t ime  th rough  which the i n t e rphase  boundary  m o v e s  can  be d e t e r m i n e d  a c c o r d i n g  to 
formula (13), if an algebraic expression is given for the temperature distribution (profile) across the body 
thickness. Functions a(T, x), P(T, x, ~), a(~), P(~, x) in formula (13) are found by substituting the tem- 
perature profiles for T in the temperature characteristics of these properties. When a fictitious linear 
temperature profile T across the body thickness is selected, for instance, then function ~x(T, x) is found 

by inserting into ~(Ts) the expression 

T s = T  a - ~ - ( T - T  a) ~ l + k  _-_F~(T, x), 
�9 . T k 

funct ion  P ( T ,  x,  n) = A(T, x,  ~)w(~) is found by subs t i tu t ing  

t=Ta+(T--Ta)  ~- +k  ---Fo(T, x, q) 
x-',-k 

for  T in ~(T,  x), funct ion a (~)  is found by in se r t i ng  

k 
rs = ra + (To-- Ta) -= F3(~.) 
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into a ( T s ) ,  and funct ion P ( ~ ,  x) = ~ (~ ,  x)~(x) is  found by  subs t i tu t ing  

x+k 
t = Ta,+ ( ro- - 'Ta)  - -  z F , ( ~ ,  x) 

f o r  T in 2 (T, x);  f u r t h e r m o r e ,  

T (x, x*) -- Ta + (To - -  Ta) x + k ~ F* (x), 
l+k 

w h e r e  k = ~/a and ~, a a r e  s o m e  f ixed v a l u e s  of  the  t h e r m a l  conduc t iv i ty  and of  the hea t  t r a n s f e r  coe f f i -  
c i en t  r e s p e c t i v e l y .  

In  o r d e r  to d e t e r m i n e  the  t i m e  t i l l  a body is  c o m p l e t e l y  f rozen ,  i t  is  conven ien t  to c l e a r  the v a l u e s  
of  N, P ,  and  to w r i t e  f o r m u l a  (13) in the f o r m  

l 

' f  [ '  To T u - - T a  . q(~)y(~)(l__~)f-1 a{~)l f-1 
0 

~ l T o x 

dx dg x dx c(T, x)'~,(x)(l--xy -1 , (14) 
+ (l - -  x)f-l~. (~, x) T O - -  T a �9 a (T, x) P-1 (l - -  ~l)f-l~. (T, x, ~1) 

0 F(x) 0 

w h e r e  f = 1, 2, o r  3 r e s p e c t i v e l y  f o r  a p l a t e ,  a c y l i n d e r ,  o r  a s p h e r e ,  with F(x) denot ing  the f ina l  t e m p e r a -  
t u r e  p ro f i l e  a t  t ime  r = %. 

With a g iven  l i n e a r  t e m p e r a t u r e  p r o f i l e  d u r i n g  f r e e z i n g  and wi th  cons t an t  t h e r m o p h y s i c a l  p r o p e r t i e s  
(c,  T I ,  T2, ~,  q,  a ) ,  f o r  i n s t a n c e ,  f o r m u l a  (.14) b e c o m e s  

T~ (To--To) (-~ 2"~I )_. ([---- l)c?~t~(l-7 ~- '~ ") ( 1 - ~ - - - - 3 ~  " l ) (15) 
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